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We dene onvergene for nonommutative power series and onstrut two
topologies on the algebra of power series, onvergent with respet to a positive ra-
dius. We indiate all nite dimensional ontinuous representations of this algebra
and prove ompleteness for both topologies.
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Introdution
In [11℄, the author onstruted a sheaf of assoiative C-algebras on the spae C
n
with
the sheaf of holomorphi funtions as abelianization and onvergent nonommuta-
tive power series algebras as loal rings. This onstrution led naturally to a denition
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of nonommutative analyti spaes as a generalization of (real or omplex) analyti
spaes. Examples for nonommutative analyti spaes are analyti super-manifolds
and nonommutative links.
This paper starts with a more rened denition of onvergene for nonommutative
power series. A series, onvergent in the sense of [11℄, is alled absolutely onvergent
here and in the future. To explain the rened denition, onsider the spae M of




of all n-tuples of matries with joint spetral radius smaller than a positive r,
play a ruial role. Roughly speaking, a nonommutative power series f is onvergent
with respet to r, if all the series f(M) obtained by plugging in elements M of PM(r)
in f , onverge, for arbitrary matrix length k. (In the subsequent paper [12℄, we show
that this notion of onvergene an be used to dene a struture sheaf O on Cn whih
is slightly riher than the sheaf dened in [11℄.) We prove (Theorem 1.9) that the
algebra
C{x}r = C{x1|...|xn}r
of powers series, onvergent with respet to a given r > 0, is Frêhet in the topology
of ompat onvergene, where ompat refers to subsets of PM(r). We show (The-
orem 2.3) that C{x}r is omplete with respet to the ltration by its ideals of matrix
identities. An element f ∈ C{x}r is a matrix identity for the matrix algebra M,
if f(M) = 0, for eah M ∈ PM(r). On the geometri side, we prove (Theorem 2.1)
that the ontinuous k-dimensional representation of C{x}r are just those of the form
f 7→ f(M), where M is in PM(r).
Conventions: The letter C denotes weather the el of real or the eld of om-
plex numbers. We will indiate expliitly if a statement only holds for the omplex
numbers. An algebra is an assoiative, unitary C-algebra. Modules and ideals are
two-sided. Left-modules only appear under the name representations. An element
a of an algebra A is a unit, if there exists an element b ∈ A suh that ab = 1 = ba. A
maximal ideal is maximal in the set of (two-sided) ideals. An algebra A with a single
maximal ideal m is C-loal, if the natural map C→ A/m is an isomorphism.
1 Convergent NC power series
1.1 Absolutely onvergent NC power series
Refer to the Appendix for the notions of indies, maps between indies, nonommuta-
tive power series algebras, their morphisms and abelianization. For eah point p ∈ Cn,
onsider xi − pi as a formal variable and set
C[[x− p]] := C[[x1 − p1| . . . |xn − pn]].
2




in C[[x− p]] is alled absolutely
onvergent, if the abelianization fabs of
∑




for the loal subalgebra of C[[x− p]] of absolutely onvergent nonommutative power
series, and for r > 0, write
C{x− p}absr
for the subalgebra of C{x − p}abs of those f suh that fabs onverges on the open
polydisk P (p, r) in Cn with poly-radius (r, . . . , r). A ommutative power series g =∑
ν bνx
ν














onverges absolutely on P (r).
Observation 1.1. If g and eah f1, . . . , fn are absolutely onvergent power series,
g(f1, . . . , fn) is absolutely onvergent.
Proof. This follows by g(f1, . . . , fn)ab = gab(f
1
ab, . . . , f
n




as normed spae with respet to the maximum norm and equip the ma-
trix algebras M = Mk(C) over C with the orresponding operator norm || · ||.
Let C be a ategory of topologial algebras. For objets A and M, we all
SpecM(A) := HomC(A,M)
the M-spetrum of A. For M = Mk(C), the M-spetrum is just the set repk(A) of
ontinuous k-dimensional representations of A. To eah element a ∈ A, we assign the
anonial map
a˜ : SpecM(A) →M.
The ideal
IA(M) := {a ∈ A : a˜ ≡ 0}
is alled ideal of identities for M. For M = Mk(C), we equip Spec
M(A) with the
weakest topolology making the maps
a˜ : SpecM(A)→M
χ 7→ χ(a)
ontinuous, for eah a ∈ A.
3
1.3 The joint spetral radius
For an n-tuple M = (M1, . . . ,Mn) in M
n
the value




||M I || : |I| ≤ k}
is alled joint spetral radius of M1, . . . ,Mn (see [13℄). For elements Q ∈ C
n
, we
have |Q| = maxi=1,...,n |Qi|. Observe that, for k > 1, the funtion | · | is not a semi-
norm on Mk(C)
n
. Let, for example, Eij be the elementary matries in M2(C), then
|E12 + E12| = 1 > 0 = |E12|+ |E21|.
Theorem 1.2. The joint spetral radius | · | : Mn → R≥0 has the following properties:
(1) It is ontinuous.




Proof. Both statements are proved in [13℄. The ontinuity was rst shown by [2℄. 
Proposition 1.3. For elements Q in Cn and M in Mn, we have the inequality
|M +Q| ≤ m+ |Q|,
where m := maxi=1,...,n ||Mi||.














where 1 = (1, . . . , 1). By equation (1.1),























||M ||J · q|I|−|J |,
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where ||M || := (||M1||, . . . , ||Mn||). Thus,
|I|
√

















||+ 1)I ≤ q(
m
q
+ 1) = m+ q.

For P ∈Mn and r > 0, the subset
PM(P, r) := {M ∈Mn : |M − P | < r}
ofM
n
will be alled stable region inM
n
with radius r and enter P . By Theorem 1.2,
stable regions are open in M
n
. Like open polydisks in C
n
, they play the role of smooth
ane spaes. There are algorithms [3℄ for arbitrary good approximations of the joint
spetral radius of n-tuples M of matries with rational entries. It is not known, so
far, if the question weather or not an element M ∈Mn satises |M | < 1, is deidable.
However, there is the following negative result [14℄:
Theorem 1.4 (Tsitsikilis-Blondel). It is undeidable, if |M | ≤ 1, for a given n-tuple
M of square matries with rational entries.
1.4 Convergene
For M = Mk(C), we x the basis E1, . . . , Ek2 , where E1 is the identity matrix and
E2, . . . , Ek2 are the lexiographially ordered elementary matries Eij with (i, j) 6=
(1, 1).
The identiation τ : Mn → Ck
2·n
is a map of topologial vetor spaes. Consider the
algebra C{x11, . . . , xnk2}M,r of all ommutative power series in x11, . . . , xnk2 , abso-
lutely onvergent at eah point of τ(PM(r)). The algebra C{x11, . . . , xnk2} is Frêhet
with respet to the topology of ompat onvergene. The elements of the algebra
M[[x11, . . . , xnk2 ]] := C[[x11, . . . , xnk2 ]]⊗C M
orrespond to k2-tuples of elements in C[[x11, . . . , xnk2 ]] via the oordinate projetions
M→ C. The algebra
M{x11, . . . , xnk2}r := C{x11, . . . , xnk2}M,r ⊗C M
is again Frêhet. It plays the role of a universal objet, in the sense that any k-




φM : C[[x1| . . . |xn]]→M[[x11, . . . , xnk2 ]],
sending xi to the generi matrix
∑k2
j=1Ej · xij . Set
C{x}Mr := (φ







will be alled onvergent nonommutative power series.




in C{x}absr , the sum∑
I aIM
I
onverges absolutely in M. Thus, eah absolutely onvergent nonommuta-
tive power series is onvergent. By Example 1.7 below, the onverse is not true:
1.5 Ideals of matrix identities
The kernel of the restrition of φM to the nonommutative polynomial ring C[x] is
the ideal of matrix identities IC[x](M), that was studied by Proesi [10℄ and others.
Sine φM respets total degrees, an NC polynomial f is in IC[x](M), if and only if eah
of its homogeneous omponents fd of total degree d is in IC[x](M). By the Amitsur-
Levitzki Theorem [1℄ (see Example 1.7 below), there is an identity of degree 2k, for
M = Mk(C). It is known [10℄ that IC[x](M) ontains no homogeneous polynomial of
degree ≤ 2k.
For A ∈ {C{x}r, A = C{x}
abs
r ,C[x]}, we just write I(M) for the ideal IA(M) of matrix
identities, or just Ik if M = Mk(C). Again,
I(M) = Kern(φM)|A.
Proposition 1.5. Ik ⊆ (x)
2k
Proof. For A = C[x], the statement is know to be true. By homogenity of the maps
φM, a power series f with homogeneous omponents fd of total degree d belongs to
Ik, if and only if eah fd belongs to d. Thus if f ∈ Ik, eah fd with d < 2k is trivial. 
Corollary 1.6. ∩kIk = 0.
6




sgn(σ)xσ(1) · . . . · xσ(l).
One an verify as an exerise that eah l − 1-dimensional C-algebra satises
∀x1, . . . , xl : sl(x1, . . . , xl) = 0. (1.3)
The Amitsur-Levitzki Theorem [1℄ states that Mk(C) satises (1.3), for l = 2k. The
algebra map
C[z1| . . . |zl]→ C[x|y]
zi → xy
i
is injetive (see Lam). In onsequene, fl := sl(xy, . . . , xy
l) is a non-trivial identity
of degree
l(l+1)












is not absolutely onvergent, sine fabs =
∑
l l!x
lyl(l−1)/2. It is onvergent, sine φM(f)
is a polynomial, for eah M = Mk(C).
1.6 The topology of ompat onvergene
For ompat subsets K ⊆ PM(r), we dene a seminorm || · ||K on C{x}r via
||f || := ||φM(f)||K .
The indued topology is already dened by a ountable subfamily of these seminorms
and is alled topology of ompat onvergene. By the following theorem, it is a
Frêhet-topology.





respet to the topology of ompat onvergene, then, for eah I, the oeient sequene
(am,I)m onverges in C.
Proof. The orresponding statements for ommutative onvergent power series is known




C[x1|...|xn]≤2k−1 →M[x11, . . . , xnk2 ]≤2k−1 (1.4)
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of nite dimensional vetorspaes. By assumption, (φM(fm))m is a Cauhy sequene
in M{x11, . . . , xnk2}r, thus it onverges oeientwise, sine φ
M(fm) is just a matrix
of ommutative onvergent powers series. Injetivity of the morphism (1.4) implies
that the series (am,I)m onverges, for eah |I| ≤ 2k − 1. 
Theorem 1.9. The algebra C{r}r is omplete with respet to the topology of ompat
onvergene.




. By Lemma 1.8,





Sine fk onverges oeientwise to f , the Cauhy sequene φ
M(fk) onverges oe-
ientwise to φM(f). By ompleteness, the series φM(f) belongs to M{x11, . . . , xnk2}r.

2 Representations
2.1 M-spetra of the onvergent power series algebra
Consider the indued topology on the subalgebra C{x}absr ⊆ C{x}r of absolutely
onvergent power series. Reall that the M-spetrum SpecM(C{x}absr ) is the set of all
ontinuous algebra homomorphisms f : C{x}absr →M. Any suh f is uniquely dened
by the values f(x1), . . . , f(xn) on the variables.
Theorem 2.1. The natural map PM(r)→ SpecM(C{x}absr ) ist a homeomorphism.
Proof. To prove bijetivity, it sues to show that if M ∈Mn is not in PM(r), there






does not onverge to zero. If |M | ≥ r, we may assume that there exists a sequene
(I(m))m in G with |I(m + 1)| > |I(m)|, for eah m ≥ 0, suh that the sequene
( |I(m)|
√






onverges for 0 < z < r: Assume that z < r − δ, for a δ ∈ (0, r). For m >> 0, we










In onsequene, if we set aI :=
1
||MI(m)||
, for I = I(m) and aI = 0, if I is not in











does not onverge to zero. It is left to the reader to verify that the map is biontinu-
ous. 
Observe that the inlusion C{x}absr → C{x}r indues an isomorphism on eah M-
spetrum.
Corollary 2.2. For r > 0 and M = Mk(C), the topologial spae Spec
M(C{x}r) of






For A ∈ {C{x}r, A = C{x}
abs
r ,C[x]}, the ltration
. . . I3 ⊆ I2 ⊆ I1 = [A,A] ⊆ A
denes the I•-topology on A.
Theorem 2.3. The algebra C{x}r is omplete with respet to the I•-topology.
Proof. Consider an I•-Cauhy sequene (fk) in C{x}r. Denote f
(m)
k the homogeneous
part of fk of total degree m. Replaing the sequene by an appropriate subsequene,
we may assume that fk − fj ∈ Ik+1 ⊆ (x)
2(k+1)
for j ≥ k. This implies the following
identities:
(1) φM(fk) = φ





k , for j ≤ k.
Set f (k) := f
(k)




. First we show that f − fk ∈ Ik, for
eah k ≥ 0, and in onsequene, that the series (fk) onverges to f in the I•-topology






k ) = φ
M(fj − fk)
(j) = 0.






k ) = 0.
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In onsequene, φM(f − fk) = 0. To onlude the proof, we must show that f belongs
to C{x}Mr , for eah M = Ml(C): For arbitrary P ∈ P
M(r) and ǫ > 0, we an nd a




















abs(P ) ≤ ǫ.
This nishes the proof. 







3 Appendix: Formal NC power series
3.1 Multi-indies
Fix a dimension n ≥ 0. Let G be the semi-group of (nonommutive) multi-indies,
i.e. of tuples I = (i1, . . . , i|I|) with ik ∈ {1, . . . , n} of length |I| ≥ 0. The addition of
multi-indies I, J is dened by I + J := (i1, . . . , i#I , j1, . . . , j#J). The zero element is
the empty multi-index denoted by 0.
Consider the partial relation on G dened by I < J i and only if |I| < |J | and I
is obtained from J by deletion of indies. If I ≤ J (i.e. I < J or I = J), there
exists an order-preserving, injetive map α from the set {1, . . . ,#I} into {1, . . . ,#J}
suh that ik = jα(k), for k = 1, . . . ,#I. We say that α is a map from I to J . Set(J
I
)




= 1, for any









. Denote J −α I be the multi-index obtained from J by
deletion of jα(1), . . . , jα(#I). Let Gab denote the ommutative semi-group of n-tuples
ν = (ν1, . . . , νn) in {0, 1, 2, . . .}. We have an epimorphism ab : G→ Gab of semigroups
sending I ∈ G to the multi-index ν ∈ Gab with νk = {l : il = k}.
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3.2 The ategory of formal NC power series
For n > 0, write C[[x1| . . . |xn]] or just C[[x]] for the nonommutative power series
algebra in formal variables xi. For eah multi-index I ∈ G, set













belong to the maximal ideal (y) of C[[y]] = C[[y1| . . . |ym]], we an form
the power series












where the sum in the braket is over all multi-indies K, I1, . . . , I|K| suh that J =
Ik1 + . . . + Ik|K| . A morphism C[[x]] −→ C[[y]] of nonommutative power series
algebras is a loal algebra homomorphism of the form g 7→ g(f1, . . . , fn), for a given
n-tuple (f1, . . . , fn) of elements of (y).



























where the seond sum is taken over all multi-indies J1, . . . , J|I| suh that J1 + . . . +
J|I| = K.






, set Jf to be the n×n-matrix
(ak(i))k,i.
Theorem 3.2. An endomorphism f of C[[x]] is an automorphism, if and only if Jf
is invertible.
Proof. Suppose that Jf is invertible. Indutively, for k ≥ 1, l = 1, . . . , k and J ∈
{1, . . . , n}l, we will dene oeients blJ ∈ C suh that the endomorphism g
k
of






is inverse to f modulo (x)k+1. For k = 1, by










(s) =0 for all s 6= l.
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We an nd suh oeients, if and only if Jf is invertible. Now suppose that Jf is
invertible and that the oeients blJ are onstruted adequately, for |J | ≤ k− 1. For


















We have a anonial epimorphism ab from C[[x]] = C[[x1| . . . |xn]] to the ommutative
power series algebra C[[x]]ab = C[[x1, . . . , xn]]. We write fab instead of ab(f).
Corollary 3.3. Eah lift of an automorphism of a ommutative formal power series
algebra to an endomorphism of the non-ommutative formal power series algebra is
again an automorphism.
3.3 Produts
For power series algebras C[[x]] = C[[x1|...|xn]] and C[[y]] = C[[y1|...|ym]], we dene
the free produt
C[[x]] ∗C[[y]] := C[[x1|...|xn|y1|...|yn]]
and the omplete tensor produt C[[x]]⊗ˆCC[[y]] as the power series algebra in
x1, ..., xn and y1, ..., ym, where the yj are assumed to ommute with the xi.
3.4 Finitely generated ideals
For nonommutative power series algebras, the onept of nitely generated two-sided
ideals has to be slightly adapted. As a reason, we give the following example:
Example 3.4. Let (x) be the two-sided ideal of C[[x|y]], onsisting of all nonommu-
tative power series where at least one fator x arises in eah monomial. Observe that
(x) is not the two-sided ideal generated by x in the algebrai sense.
Proof. Assume that (x) is the two-sided ideal generated by x in the algebrai sense.








in C[[y]], i = 1, . . . , N
suh that
xyx+ y2xy2 + ... =
N∑
i=1
fi(y) · x · gi(y).





jxyk. In partiular, for j, k ≤
N + 1, we would get
∑N
i aijbik = δj,k, whih is impossible, sine the left hand-side is
a produt of two matries of rank at most N . 
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By denition, the opposite algebra Aop of an algebra A is the set {aop : a ∈ C[[x]]}
with operations aop1 + a
op
2 = (a1 + a2)
op
and aop1 · a
op
2 = (a2 · a1)
op
. Observe that
C[[x]]op is naturally isomorphi to the power series algebra C[[xop1 |...|x
op
n ]] and the
assignment x 7→ xop denes an isomorphism OP : C[[x]] −→ C[[x]]op. Attention, in






. We dene the




αˆ : C[[x]]eˆ −→ C[[x]].
For a two-sided ideal J ⊆ C[[x]], the inverse image αˆ−1(J) is not, in general a left
ideal of C[[x]]eˆ, sine it is not, in general, losed under left multipliation by elements
of C[[x]]eˆ. We dene the ompletion Jˆ of J as the image under αˆ of the C[[x]]eˆ-left
ideal generated by αˆ−1(J). For simpliity, for elements f1, ..., fm in C[[x]], we shall
write (f1, ..., fm) for the ompletion of the two-sided ideal generated by the fi. A
two-sided ideal of the form (f1, ..., fm) will be alled nitely generated.
Proposition 3.5. The Kernel K of the abelization ab : C[[x1|...|xn]] −→ C[[x1, . . . , xn]]
is nitely generated by the ommutators [xi, xj ] = xixj − xjxi, for 1 ≤ i < j ≤ n.
Proof. We show that for eah nonommutative power series f , the dierene f −
fab,unab is in the image under αˆ of the C[x]
eˆ
-left ideal generated by the ommutators
[xi, xj ], for i < j. Without restrition, let f be the sum of its homogeneous omponents




k · [xi, xj ]),
for ertain homogeneous ci,jk in C[x]
eˆ







k ) · [xi, xj ]. 
3.5 Loality
A family (hα)α∈A of power series in C[[x]] is alled summable, if, for eah multi-index
I, there are only nitely many α ∈ A suh that hα,I 6= 0. In this ase, we an form










Proposition 3.6. The algebra C[[x]] is loal with maximal ideal (x) generated by
x1, . . . , xn.
Proof. It sues to show that eah element f of C[[x]] \ (x) is a unit. Without
restrition, say f0 = 1. Then the family (1− f)














(1− f)j = 1.
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Thus f is a left unit. In the same way, we show that f is a right unit. If f is onver-
gent, the sum
∑
(1−f)j is also onvergent. This follows exatly as in the ommutative
ase. 
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